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1. INTRODUCTION
A well-known result of Baumslag [2] states that the automorphism group
of a ﬁnitely generated residually ﬁnite group is residually ﬁnite (in brief,
 ). However, there is very little information about the residual ﬁnite-
ness of the outer automorphism group of a ﬁnitely generated  group.
Grossman [4] showed that outer automorphism groups of free groups and
those of the fundamental groups of closed orientable surfaces of genus
k are  from which it follows that mapping class groups of closed ori-
entable surfaces are  . Her method applies only to surface groups with
the presentation
〈
a1     ak b1     bk
k∏
i=1
ai bi
〉
 (1.1)
The proof cannot readily be extended to nonorientable surfaces with the
presentation
a1     ak a21 · · · a2k (1.2)
To prove the residual ﬁniteness of outer automorphism groups of groups
given by (1.1), Grossman showed the groups given by (1.1) have Property
A (see below). In this paper we generalize this result by proving that gen-
eralized free products of two free groups amalgamating a maximal cyclic
subgroup have Property A. From this it follows that outer automorphism
groups of generalized free products of two free groups amalgamating a
maximal cyclic subgroup are  . Thus, in particular, outer automorphism
groups of groups given by (1.2) are  for k = 2 3. In the case when
k = 2 residual ﬁniteness follows from results in [1]. For k = 3 we need
Theorem 3.4. It follows that mapping class groups of closed orientable and
nonorientable surfaces are  .
2. PRELIMINARY RESULTS
Throughout this paper we use standard notation and terminology.
A group G is residually ﬁnite ( ) if, for each nontrivial element x ∈ G,
there exists a ﬁnite homomorphic image G of G such that the image of x
in G is not trivial.
A group G is conjugacy separable if, for each pair of elements x y ∈ G
such that x and y are not conjugate in G, there exists a ﬁnite homomorphic
image G of G such that the images of x and y in G are not conjugate in G.
If G = A ∗H B and g ∈ G we use g to denote the generalized free
product length of g or free product length if H is trivial.
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We use Inn g to denote the inner automorphism of G induced by g ∈ G.
OutG denotes the outer automorphism group, AutG/InnG, of G.
iG denotes the ith term of the lower central series of G.
CGg denotes the centralizer of g in G. ZG is the center of G.
We also use x ∼G y if x is conjugate to y in G.
Deﬁnition 2.1. By a conjugating endomorphism/automorphism of a
group G we mean an endomorphism/automorphism α which is such
that, for each g ∈ G there exists kg ∈ G depending on g so that
αg = k−1g gkg. Any such kg will be called a conjugator of g for α.
Deﬁnition 2.2. (Grossman [4]). A group G has Property A if for each
conjugating automorphism α of G there exists a single element k ∈ G such
that αg = k−1gk for all g ∈ G i.e., α = Innk.
We will make use of the following results:
Theorem 2.3 (Grossman [4]). Let B be a ﬁnitely generated, conjugacy
separable group with Property A. Then OutB is  .
Theorem 2.4 [1]. Let G = A ∗h B and h ∈ ZB. Suppose A is abelian
and A = h. Then G has Property A.
We will also need the following result on free groups.
Theorem 2.5. Let F be a free group. Let α be a conjugating endomor-
phism of F . Then α is an inner automorphism of F .
Proof. Let F be a free group on a b c   . Consider F = a ∗ b ∗
c ∗ · · ·. Let αa = k−1a aka where ka ∈ F . Deﬁne α¯ = Innk−1a ◦ α. Then
α¯a = a. Moreover, we can certainly take α¯b = k−1b bkb. Thus
α¯ab = α¯aα¯b = ak−1b bkb (2.1)
Without loss of generality kb can be taken to be a word on a ∗ b ∗ · · ·
which does not begin with bi. We assume that either kb does not end in a
or that kb > 1 in order to reach a contradiction. Then in both cases we
have α¯aα¯bn ≥ 4n. Since α¯abn = k−1ab abnkab we must have
k−1ab abnkab = ak−1b bkbn (2.2)
This means the length of the L.H.S. of (2.2) ≤2kab + 2n. On the other
hand the length of the R.H.S. of (2.2) is greater or equal to 4n. This is
clearly impossible for sufﬁciently large n. Hence kb = ar . Similarly kc = as.
Now,
α¯bc = k−1bc bckbc = α¯bα¯c = a−rbara−scas
As before if r = s then α¯bcn = α¯bα¯cn for sufﬁciently large n.
This implies r = s. Hence kc = kb. Similarly, kd = kb     etc. Thus α¯ is
an inner automorphism of F , whence α is an inner automorphism of F .
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3. MAIN RESULTS
In this section we shall prove our main result that if G = A ∗H B where
AB are free and H is maximal cyclic in A and B, then OutG is residually
ﬁnite. From this we show that mapping class groups of closed surfaces are
residually ﬁnite.
We ﬁrst prove the following lemma:
Lemma 3.1. Let G = A ∗H B where AB are free groups and H = h is
a maximal cyclic subgroup of A and B. Let α be a conjugating endomorphism
of G such that ka = g ∈ G is ﬁxed for all a ∈ A and kb = 1 for all b ∈ B.
Then α is the identity automorphism on G.
Proof. H being maximal cyclic implies CGh = h. Since h ∈ A ∩
B αh = g−1hg = h. This means g = hs. Let a ∈ A\H and b ∈ B\H.
Then k−1ab abkab = h−sahsb; i.e., ab ∼G h−sahsb. Since h−sahsb is cycli-
cally reduced, by [6, p. 212], ab ∼H h−sahsb. This implies
a = h−ih−sahshj (3.1)
and
b = h−jbhi (3.2)
for some integers i and j. Since B is free and b ∈ H where H = h is a
maximal cyclic subgroup of B b h is free on b h. Thus (3.2) implies
i = j = 0. Therefore (3.1) gives a = h−sahs. Since a ∈ H, we have s = 0.
Thus g = hs = 1. Hence α is the identity automorphism on G.
Theorem 3.2. Let G = A ∗H B where AB are free groups and H is a
maximal cyclic subgroup of A and B. Then G has Property A.
Proof. Let H = h. Since H is maximal cyclic in both A and B, we have
CAh = CBh = CGh = H. Since A is residually torsion-free nilpotent,
there exists r such that rA ∩ H = 1. Let 1 = a ∈ rA. Let α be a
conjugating automorphism of G such that αa = k−1a aka where ka ∈ G.
Again replacing α by α¯ = Innk−1a ◦ α, we may assume α to be a conjugating
automorphism of G such that αa = a for this particular a ∈ A and αg =
k−1g gkg for g ∈ G where kg ∈ G could vary with g. Let b ∈ B. We shall ﬁrst
show that kb must be in BA and then that kb can be chosen in A.
(I) kb must be in BA.
Suppose there exists b ∈ B such that kb = a1b1 where a1 ∈ A\H and
b1 ∈ B\H. Consider αabn = αaαbn. We have
k−1ab abnkab = a · b−11 a−11 ba1b1n (3.3)
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Thus the length of the L.H.S. of (3.3) is at most 2n+ 2kab. On the other
hand the length of the R.H.S. of (3.3) is 6n, if b ∈ B\H, and it is 4n if
b ∈ H since a−11 ba1 ∈ H because a1 ∈ H and CAh = H. This means for
sufﬁciently large n (3.3) cannot hold. Hence kb cannot be of the form a1b1
with a1 ∈ A\H and b1 ∈ B\H. Similarly we can show kb cannot be of the
form a1b1a2 b1a1b2, or any longer forms. Hence kb ∈ BA.
(II) kb can be chosen in A.
By (I), we can assume kb = b1a1 where b1 ∈ B and a1 ∈ A. Since αab =
αaαb we have
k−1ab abkab = ak−1b bkb = aa−11 b−11 bb1a1
Thus
ab ∼G a1aa−11 · b−11 bb1 (3.4)
Since 1 = a ∈ rA and rA ∩H = 1, we have a1aa−11 ∈ H.
(i) b ∈ H. If b1 ∈ H then b−11 bb1 ∈ H. Thus ab = 1 and a1aa−11 ·
b−11 bb1 = 2. By [6, p. 212], (3.4) cannot hold. This implies b1 ∈ H. Hence
kb can be assumed to belong to A.
(ii) b ∈ B\H. Since ab = 2, [6, p. 212] and (3.4) show that b−11 bb1 ∈
H. Again, by [6, p. 212], (3.4) implies ab ∼H a1aa−11 · b−11 bb1. It follows
that a = h−ia1aa−11 hj and b = h−jb−11 bb1hi for some i j. Since a ∈ rA
and rA ∩ H = 1, we must have h¯j−i = 1 in A = A/rA where A
is torsion-free with h¯ = 1. Thus i = j. This implies hibh−i = b−11 bb1. This
means
αb = k−1b bkb = a−11 b−11 bb1a1 = a−11 hibh−ia1
Therefore we can choose kb = h−ia1 ∈ A.
Hence we have proved kb ∈ A for all b ∈ B. Now, let c d ∈ B\H. Consider
k−1cd cdnkcd = αcdn = k−1c ckc · k−1d dkdn (3.5)
where we can choose kc kd ∈ A. Since kc kd ∈ A, by considering the
lengths of each side of (3.5) we must have kck
−1
d = hr , where r depends
on c. This implies αc = k−1d h−rchrkd. For a ﬁxed d, let α¯ = Innk−1d ◦
α. Then α¯d = d α¯c = h−rchr for all c ∈ B\H, where r may vary
with c. Also α¯h = kdk−1h hkhk−1d . Then x = khk−1d ∈ A, since kh kd
can be chosen in A. Next, we consider α¯hc = x−1hx · h−rchr . Since c ∈
B\H h−rchr ∈ B\H. If x−1hx ∈ A\H, then α¯hcn = k−1hc hcnkhc =
x−1hxh−rchrn for sufﬁciently large n. Hence x−1hx ∈ H. Therefore x ∈
H and α¯h = h. We may then assume that, for all b ∈ B, α¯b = k−1b bkb
where kb ∈ H. Thus α¯ restricted to B is a conjugating endomorphism of B.
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Since B is free by Theorem 2.5, α¯ is an inner automorphism of B. Hence
there exists a ﬁxed k ∈ B such that α¯b = k−1bk for all b ∈ B. Let α′ =
Inn k−1 ◦ α¯. Then α′b = b for all b ∈ B.
Let nB ∩H = 1 and let 1 = b ∈ nB. Repeating the argument with
α′b = b and α′x = k−1x xkx for x ∈ A, as in (II) above, we can assume
that kx ∈ B for all x ∈ A. Consider k−1hxhxkhx = α′hx = α′hα′x =
h · k−1x xkx. Hence hx ∼G kxhk−1x · x. Since hx ∈ A and kx ∈ B, kxhk−1x ∈
H. Hence kx ∈ H. Thus α′ restricted to A is a conjugating endomorphism
of A. Since A is free by Theorem 2.5, α′ is an inner automorphism of A.
Hence there exists a ﬁxed g ∈ A such that α′x = g−1xg for all x ∈ A.
Thus, by Lemma 3.1, α′ is the identity automorphism on G. Since α′ is
obtained from the original α by a sequence of inner automorphisms of G,
α is an inner automorphism of G.
This completes the proof.
Dyer [3] showed that generalized free products of two free groups
amalgamating a cyclic subgroup are conjugacy separable. Thus applying
Theorems 2.3 and 3.2, we immediately have:
Theorem 3.3. Let G = A ∗H B where AB are free and H = h is a
maximal cyclic subgroup of A and B. Then OutG is residually ﬁnite.
Let Sk be closed surfaces of genus k. If we use the algebraic deﬁnition of
the mapping class group of Sk to be Out π1Sk (cf. [6, p. 175]), then we
are in a position to show that mapping class groups of all closed surfaces
are residually ﬁnite. We ﬁrst prove the following theorem.
Theorem 3.4. Let G = A ∗H B where A is a free group of rank ≥2
and H = h is a maximal cyclic subgroup of A. If h ∈ ZB then G has
Property A.
Proof. If B = H then G is a free group and so G has Property A by
Grossman [4]. Hence we assume B = H. Since A is not cyclic, there exists
an integerm such thatH ∩mA = 1. Let 1 = a ∈ mA. Then a ∈ A\H.
Let α be a conjugating automorphism of G and let αg = k−1g gkg for
g ∈ G. Without loss of generality, we can assume αa = a. We shall show
that α is an inner automorphism of G by the following three steps:
(I) Claim. For each b ∈ B, we can choose kb ∈ A.
Let b ∈ B and kb = u1u2 · · ·ur be an alternating product of the short-
est length from G such that αb = k−1b bkb. Then k−1ba bakba = αba =
αbαa = k−1b bkb · a = u−1r · · ·u−12 · u−11 bu1 · u2 · · ·ur−1 · ur · a. Thus,
ba ∼G u−1r−1 · · ·u−12 · u−11 bu1 · u2 · · ·ur−1 · urau−1r  (3.6)
Note that if ur ∈ A then, by the choice of a urau−1r ∈ H.
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(a) b ∈ B\H.
(i) Suppose u1 ∈ B. Since H ⊆ ZB, u−11 bu1 ∈ H. If ur ∈ A\H
then the R.H.S. of (3.6) is cyclically reduced of length 2r − 1. Since
the L.H.S. of (3.6) is cyclically reduced of length 2, we have r = 2 and
kb = u1u2 ∈ BA. Therefore, from (3.6), ba ∼G u−11 bu1 · u2au−12 , where both
sides are cyclically reduced of length 2. Thus, by [6, p. 212], ba ∼H u−11 bu1 ·
u2au
−1
2 , which implies that b = h−iu−11 bu1hj and a = h−ju2au−12 hi
for some i j. Since a ∈ mA and H ∩ mA = 1, we have h¯i−j =
1 in A = A/mA, where A is a ﬁnitely generated torsion-free nilpo-
tent group. Hence i = j. This implies u−11 bu1 = hibh−i. Thus αb =
k−1b bkb = u−12 u−11 bu1u2 = u−12 hibh−iu2. This means that we can choose
kb = h−iu2 ∈ A.
If ur ∈ B\H, then the R.H.S. of (3.6) is cyclically reduced of length 2r.
Since the L.H.S. of (3.6) is of length 2, we have r = 1. Hence kb = u1 ∈ B.
As above, we can show that αb = u−11 bu1 = hibh−i for some i. Hence we
can choose kb = h−i ∈ A.
(ii) Suppose u1 ∈ A. If ur ∈ A\H, then the R.H.S. of (3.6) is
cyclically reduced of length 2r. Since the L.H.S. of (3.6) is of length 2, we
have r = 1. Hence kb = u1 ∈ A.
If ur ∈ B\H then r ≥ 2 and the R.H.S. of (3.6) is cyclically reduced of
length 2r + 1 ≥ 6. Since the L.H.S. of (3.6) is of length 2, this case does
not occur.
(b) b = hs for some s. Since b = hs ∈ ZB, we may assume that u1 ∈
A in (3.6). Since u1 ∈ A\H andH is maximal cyclic inA, we have u−11 bu1 =
u−11 h
su1 ∈ A\H. If ur ∈ B\H, then the R.H.S. of (3.6) is cyclically reduced
of length 2r. Since ba = hia = 1, this case does not occur. If ur ∈ A\H
and r ≥ 2, then the R.H.S. of (3.6) is cyclically reduced of length 2r − 1.
Since the L.H.S. of (3.6) is of length 1, we have r = 1 and kb = u1 ∈ A.
(II) Claim. There exists a ﬁxed u ∈ CAa so that ky = u for all y ∈ B.
Let b ∈ B\H be ﬁxed and let y run over all elements of B\H. Because
of (I), let kb = w ∈ A. Then k−1by bykby = αby = αbαy = w−1bw ·
k−1y yky , where ky ∈ A by (I). Hence,
by ∼G b ·wk−1y · y · kyw−1 (3.7)
Since b y ∈ B\H, if wk−1y ∈ A\H then the R.H.S. of (3.7) is cycli-
cally reduced of length 4. Hence (3.7) does not hold. Thus wk−1y ∈ H.
Let ky = h−sw, where s depends on y. Then k−1ya yakya = αya =
αyαa = k−1y yky · a = w−1hsyh−sw · a = w−1yw · a, since h ∈
ZB. Hence we have ya ∼G y · waw−1, where both sides are of
length 2. This implies ya ∼H y · waw−1, whence y = h−iyhj and
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a = h−jwaw−1hi for some i j. Since h ∈ ZB and y ∈ B i = j. Hence a =
h−iwaw−1hi. Take h−iw = u ∈ CAa. Then ky = h−sw = h−shiu = hi−su.
This implies αy = k−1y yky = u−1hs−iyhi−su = u−1yu. This shows that
αy = u−1yu for all y ∈ B\H. Now αh = αhy · y−1 = αhyαy−1 =
u−1hyu · u−1y−1u = u−1hu. Hence αy = u−1yu for all y ∈ B.
(III) Claim. Let α¯ = Innu−1 ◦ α. Then, by (II), α¯y = y for all y ∈ B.
Moreover, since u ∈ CAa, α¯a = uαau−1 = uau−1 = a. We shall show
that α¯ is the identity on G. It sufﬁces to show that α¯x = x for all x ∈
A\H. For convenience, we again write α¯g = k−1g gkg for g ∈ G.
Let x ∈ A\H and kx = u1u2 · · ·ur be an alternating product of the short-
est length from G such that α¯x = k−1x xkx. Then k−1xa xakxa = α¯xa =
k−1x xkx · a = u−1r · · ·u−11 xu1 · · ·ur · a. Hence
xa ∼G u−1r−1 · · ·u−12 · u−11 xu1 · u2 · · ·ur−1 · urau−1r  (3.8)
Suppose u1 ∈ B. If ur ∈ A\H so that kx ≥ 2, then the R.H.S. of (3.8)
is cyclically reduced of length 2r. If ur ∈ B\H, then the R.H.S. of (3.8) is
cyclically reduced of length 2r + 1. Since the L.H.S. of (3.8) is xa ∈ A,
both of these cases do not occur. Hence u1 ∈ A.
We note that if u1 ∈ A and r ≥ 2 then we may assume u−11 xu1 ∈ H. For,
if u−11 xu1 = hs then u−12 u−11 xu1u2 = u−12 hsu2 = hs = u−11 xu1. This reduces
the length of kx. We also note that if ur ∈ A then urau−1r ∈ A\H by the
choice of a.
So suppose u1 ∈ A and r ≥ 2. If ur ∈ A\H, then the R.H.S. of (3.8)
is cyclically reduced of length 2r − 1. If ur ∈ B\H then the R.H.S. of
(3.8) is cyclically reduced of length 2r. As before, since the length of the
L.H.S. of (3.8) is at most 1, both of these cases do not occur. Thus we
must have u1 ∈ A and r ≤ 1; i.e., kx ∈ A for each x ∈ A\H. Also by (II),
α¯hi = hi. Therefore, α¯ restricted to A is a conjugating endomorphism
of the free group A. Hence, by Theorem 2.5, α¯ restricted to A is an inner
automorphism of A. Thus there exists a ﬁxed g ∈ A such that α¯x = g−1xg
for all x ∈ A. Since h = α¯h = g−1hg g ∈ CAh = H. Let g = hs for
some s. Then a = α¯a = h−sahs. Thus, if s = 0, then a ∈ H, contradicting
the choice of a. Hence, s = 0. This means that α¯x = x for all x ∈ A.
Hence α¯ is the identity onG, as required. This shows thatG has Property A.
By [5], if B is ﬁnitely generated nilpotent, then the group G in Theorem
3.4 is conjugacy separable. Applying Theorems 2.3 and 3.4, we immediately
have:
Theorem 3.5. Let G = A ∗H B, where A is a free group of rank ≥2 and
H = h is a maximal cyclic subgroup of A. If B is ﬁnitely generated nilpotent
and h ∈ ZB then OutG is residually ﬁnite.
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It is now easy to show mapping class groups of all closed surfaces are
residually ﬁnite.
Theorem 3.6. Mapping class groups of closed surfaces Sk are residually
ﬁnite.
Proof. If Sk is orientable, then its fundamental group is given by (1.1),
which is a generalized free product of two free groups amalgamating a
maximal cyclic subgroup except when k = 1, in which case the theorem
is clearly true. Hence by Theorem 3.2, the outer automorphism group is
residually ﬁnite for all k. If Sk is nonorientable, its fundamental group
Gk is given by (1.2). If k > 3, then Gk is a generalized free product of
two free groups amalgamating a maximal cyclic subgroup, whence OutGk
is residually ﬁnite. If k = 1, G1 = a1 a21. Clearly, Out G1 is ﬁnite. If
k = 2, G2 = a1 ∗
a21=a−22
a2. By Theorem 2.4, OutG2 is residually ﬁnite.
If k = 3, G3 = a1 a2 ∗
a21a
2
2=a−23
a3. Therefore, by Theorem 3.5, Out G3
is residually ﬁnite. Since by Corollary 11.7 in [7] mapping class groups of
closed surfaces are isomorphic to the outer automorphism groups of the
fundamental groups of Sk, it follows that mapping class groups of closed
surfaces are residually ﬁnite. This completes the proof.
Theorem 3.6 gives a positive answer to a question raised by A.M. Gaglione
at the Zassenhaus Group Theory Conference 2000, held at the Ohio State
University: Is the mapping class group of a closed nonorientable surface
residually ﬁnite?
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